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Abstract
This paper presents a mathematical framework for explaining “height
reversal”, a class of depth-reversal phenomena that occur when interpreting images. In particular, it is proved that, if a picture on a horizontal
plane evokes an impression of depth for a viewer who sees it from an
oblique direction, then when that same picture is rotated by 180 degrees
around a vertical axis, it evokes an impression of reversed height. Visual effects caused by this 3D rotation is different from the 2D rotation
of turning a picture upside down, because additional objects outside the
horizontal plane are also rotated. Examples of height-reversing scenes are
constructed, and their relations with known depth-reversal phenomena
are discussed.
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Introduction

An optical illusion is a phenomenon in which what we perceive is different from
physical reality. Such a phenomenon is not only interesting in itself, but also
important in vision science, because it can be used to obtain experimental data
about extreme behaviors of human vision systems [5, 10].
One typical class of optical illusion is “depth reversal”, in which the depth we
perceive for an object is different from physical reality, or in which two depths
are perceived alternately. Depth-reversal illusions are subdivided into several
types.
The first type is evoked by ambiguous pictures, such as a Necker cube and a
Mach book, in which observers alternately perceive two opposite interpretations
of depth, even though they are viewing the same still picture without changing
viewpoint [2, 10, 11, 15].
∗ This manuscript was published in Journal of Mathematical Psychology, vol. 68-69 (2015),
pp. 7–12.
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The second type is the crater illusion [1,9,12], in which the perceived depth is
reversed when the picture is turned upside down. This illusion can be explained
by the tendency of the human brain to interpret shade information by assuming
that the scene is illuminated from above or left above [1,8,9,12]. The same type
of illusion can be created by illuminating rough walls from below.
The third type is the hollow mask illusion [2]. In this illusion, a mask of a
human face is perceived to be convex even if the back side of the mask is shown.
This illusion is explained by the fact that we have a prior knowledge that faces
are convex.
In the fourth type of depth-reversal illusion, a line drawing (i.e., a picture
without shading information) generates a reversal of depth when it is turned
upside down [7].
There is, however, still another type of depth-reversal phenomenon. Suppose
that a picture is drawn on a horizontal plane and that it is viewed from above
in a skew direction. If this picture evokes an impression of height, the reverse
height will be evoked when it is rotated by 180 degrees around a vertical axis.
We call this phenomenon “height reversal”.
An example is shown in Fig. 1. In this photograph, there is a vertical mirror
behind a garage. Note that the roof in the mirror appears to be a reversal of
the direct view of the roof in the vertical direction. We will show that this
phenomenon can be explained mathematically in the sense that the rotation
around a vertical axis by 180 degrees generates a retinal image corresponding to
the reversed height. On the basis of this mathematical property, we also present
a method for constructing pictures that generate a height-reversal illusion.

Figure 1: Height reversal of a roof.
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Theory

As shown in Fig. 2, let us fix an xyz coordinate system in such a way that the
xy plane is horizontal and consequently the z axis is vertical. Suppose that a
picture is drawn on the xy plane and that we see it from two locations on the
2

xz plane, both at an angle of θ above the horizontal. In other words, we see the
picture from the two viewpoints defined in the following way.
We consider two viewpoints E1 and E2 , both included in the xz plane and
both above the xy plane. More specifically, let E1 be the point at infinity in
the direction forming angle θ with respect to the positive x direction, and let
E2 be the point at infinity in the direction forming angle θ with respect to the
negative x direction. We call θ the “pitch angle”.

z
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E1
y

θ

θ
x

Figure 2: Picture drawn on the horizontal plane and viewed from two vertically
symmetric directions.
As shown in Fig. 3, suppose that we see a three-dimensional object from
viewpoint E1 and project the object onto the xy plane, obtaining a picture of
the object. Let P = (x, y, z) be an arbitrary point on the object, and let Q be
the corresponding point on the xy plane. Let P0 = (x, y, −z) be the point that
is mirror symmetric to P with respect to a mirror placed on the xy plane. We
can prove that P0 is on the line connecting E2 and Q. In other words, if we see
the object and its projection from E2 , Q and P0 coincide in the retinal image.
Thus, we get the next proposition.

Figure 3: Height reversal property.

Proposition 1. Let P = (x, y, z) be any point in three-dimensional space,
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and let P0 = (x, y, −z) be its mirror image with respect to the xy plane as the
mirror. Then, line E1 P and line E2 P0 intersect at a point on the xy plane.
Proof. Because E1 and E2 are points at infinity, the lines E1 P and E2 P0 are
both parallel to the xz plane. Because P and P0 have the same y coordinate,
line PP0 is also parallel to the xz plane. Consequently, the three lines E1 P, E2 P0 ,
and PP0 are all on the same plane parallel to the xz plane. Hence, the lines
E1 P and E2 P0 intersect. Let us denote this point of intersection by Q. Let P0
be the midpoint of P and P0 . Because P and P0 are symmetric with respect
to the xy plane, P0 is on the xy plane. Because both the angle PQP0 and the
angle P0 QP0 are equal to the pitch angle θ, the triangle PQP0 and the triangle
P0 QP0 are congruent, and consequently, line P0 Q is perpendicular to line PP0 ,
which implies that Q is on the xy plane.
(end of proof)
This proposition implies the following.
Proposition 2 (height reversal theorem). Suppose that S is a surface
made of opaque material and that the whole part of S is visible from E1 . Let
S 0 be the mirror image of S with respect to the xy plane as the mirror. Then
the projection of S onto the xy plane with respect to the direction E1 of the
projection coincides with the projection of S 0 onto the xy plane with respect to
the direction E2 of the projection. In particular the whole surface S 0 is visible
from E2 .
Proof. The main part has already been proved by Proposition 1. The visibility
of S 0 from E2 is guaranteed because the whole surface S is visible from E1 ,
hence the picture of S on the horizontal plane represents the whole part of S,
and this picture is visible from E2 .
(end of proof)
Therefore, if we draw a picture on the xy plane appropriately and view it
from both E1 and E2 , we can expect that we will perceive two surfaces that
have opposite heights (vertical distances from the xy plane). In other words,
if we fix the viewpoint at E1 and rotate the picture around the z axis by 180
degrees, then we can expect that the perceived height will be reversed. Thus,
Proposition 2 gives us a basic principle for designing a height-reversal illusion.
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Calculations

On the basis of the design principle discussed in Section 2, we calculated examples of pictures that will result in a height-reversal illusion.
For the first example, we consider a cylindrical roof surface whose section is
as shown in Fig. 4. As shown in Fig. 5, we place this surface in such a way that
the axis of the cylinder is horizontal. Let φ be the angle between the cylinder
axis and the viewing direction as measured on the horizontal plane. We call φ
the “yaw angle”. For the first example, we set φ = 20 degrees. The pitch angle
is also set to θ = 20 degrees.
The projected picture of the surface is shown in Fig. 6. This is the projected
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Figure 4: Section of a roof.
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Figure 5: Yaw angle.

picture as seen from above, and the arrows show the viewing directions with
respect to the viewpoints E1 and E2 .
For another example, we consider a solid obtained by cutting a pyramid by
a horizontal plane and removing the upper part. We assume that it is placed on
the xy plane as in Fig. 5 with the yaw angle set to φ = 30 degrees and the pitch
angle set to θ = 50 degrees. The resulting projected picture on the xy plane is
as shown in Fig. 7, where the arrows show the viewing directions.
In these examples different pitch and yaw angles were used. This is simply
because we choose good view angles for each object.
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Results

We copied the pictures in Figs. 6 and 7 onto planar cardboard, and we then put
them horizontally in a three-dimensional scene.
Fig. 1 shows a scene generated by the picture shown in Fig. 6. The garage
roof appears to be concave downward, but in the image in the vertical mirror
behind the garage, it appears to be reversed so that it is concave upward. The
camera position corresponds to E1 with respect to the roof, while it corresponds
to E2 with respect to the mirror image of the roof. Fig. 8 shows the same garage
seen from a general elevated direction. From this figure, we understand that
the roof is just a plane on which the picture in Fig. 6 was drawn. The plane
containing the roof structure corresponds to the xy plane depicted in Figs. 2
and 3.
Readers can construct this height-reversing roof for themselves. To do so,
5
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Figure 6: Projected picture of the round roof.

copy the picture in Fig. 6 onto cardboard (using any convenient scale), cut along
the edges, and place it horizontally in whatever scene you choose. When viewing
with a pitch angle of θ = 20 degrees and a yaw angle φ = 20 degrees, it will
appear to be either the concave downward roof or its height-reversed version
(concave upward). The illusion will be stronger if viewed by only one eye. This
is because closing one eye will lose binocular depth cues and it becomes more
difficult to detect the true shape of the roof.
It is interesting to note that the height-reversal illusion occurs even if we use
both eyes and view a photograph taken at a finite distance, as in Fig. 1. This
occurs because taking a picture with a camera is equivalent to using only one
eye to view an object; i.e., an ordinary camera has only one lens center.
In Fig. 9, we see that the picture shown in Fig. 7 has been placed on a
box, and a vertical mirror has been placed behind it. The height-reversal phenomenon can be observed by comparing the object with its image in the mirror,
where the image of the surface appears to have reversed height.
Two more examples can be found in Sugihara [14], which presents them
in the context of multiple impossible motion illusions. In those examples, the
cardboard containing the projected picture is placed at a small angle instead of
precisely horizontal, and balls are placed on it. The balls appear to roll uphill
against gravity. Impossible motions can also be perceived when it is seen from
the two viewpoints E1 and E2 . One of the artworks in [14], titled, “Reversible
Antigravity Twin Roofs,” was selected as one of the best ten at the 6th Optical
Illusion Contest organized by the Japanese Psychonomic Society [4].
According to the design principle stated in Proposition 2, we can generate
similar height-reversal solids.
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E1
Figure 7: Projected picture of the truncated pyramid.
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Discussions

The height-reversal phenomenon presented in this paper is closely related to
other known reversal phenomena. The most closely related one is the depth
reversal caused by rotation of a picture until it is upside down [3, 6–8]. Fig. 10
shows the picture in Fig. 6 as seen from two viewpoints: (a) from viewpoint E1 ,
and (b) from E2 . That is, if we place the picture in Fig. 6 on the xy plane and
see it from E1 , then we get the view seen in (a), and if we rotate the picture
around the z axis by 180 degrees, then we get that seen in (b). Thus, by rotating
the object in three-dimensional space, we move from (a) to (b).
However, note that we get (b) from (a) by just turning it upside down in

Figure 8: Garage roof seen from a general elevated view.
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Figure 9: Height reversal for the truncated pyramid.

(a)

(b)

Figure 10: Rotation of a picture by 180 degrees.

the picture plane, and thus the perception that (a) and (b) are reversals of each
other is what was discussed in many references. For example, the reversal is
explained by the prior assumption that the objects are seen from above and the
upper part of the retina corresponds to farther part of the objects [1, 6–9, 12].
Indeed, if we consider only the projected picture drawn on cardboard embedded
in the xy plane, such as in the pictures in Figs. 6 and 7, then rotation around
the z axis by 180 degrees gives the same appearance as turning it upside down.
However, we can add other objects to the scene, and when the scene is rotated
around the vertical axis, we can see that this is different from just turning the
image upside down. In order to make this point more clear, let us consider the
scene in Fig. 1 again, but without the mirror.
This scene is shown in Fig. 11, where (a) is the image seen from E1 , and (b)
is the image seen from E2 . On the other hand, if we rotate the image shown in
Fig. 11(a) so that it is upside down, we get the image shown in Fig. 12. We can
see that the scene shown in Fig. 12 is the same as the one shown in Fig. 11(a),
except that the entire scene has turned upside down. However, no perceptual
reversal arises. This is because the extra objects (i.e., the paved ground and the
poles) indicate which side is up in the real world. In Fig. 12, viewers know it
is upside down, whereas nothing in Fig. 11(b) indicates that it is upside down.
In Fig. 12, viewers judge the curvature of the roof relative to the paved ground,
8

(a)

(b)

Figure 11: Rotation of the scene around a vertical axis by 180 degrees.

Figure 12: Upside-down version of the image of Fig. 11(a).

not by itself; thus no height reversal is perceived. Thus, the height reversal
generated by the rotation of the three-dimensional scene around a vertical axis
is different from the depth reversal generated by turning an image upside down
in the two-dimensional plane.
The height reversal theorem poses the condition that the whole part of the
original surface is visible from the viewpoint E1 . This is important; if some
part is hidden, the rotated picture has inconsistency in representing the reversed
height. For example, consider the truncated pyramid in Fig. 7 again. Suppose
we place the viewpoint E1 lower in such a way that the farthest face is hidden.
Then, the picture will be as shown in Fig. 13(a). The rotation of this picture on
the horizontal plane around a vertical axis by 180 degrees (equivalently, turning
the 2D picture upside down) will give the picture in Fig. 13(b), which does not
evoke an impression of the height reversal.
In order to emphasize the difference between the 2D rotation and the 3D
rotation, we show one more example in Fig. 14. In this image we usually perceive
a regular octagonal prism and its reflections in a vertical mirror behind it.
However, in the real scene a rooster stands on the bottom plate of the prism,
but in the mirror it is on top of the prism. This is the result of the height
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(a)

(b)

Figure 13: Pictures of partly hidden surface.

reversal effect.

Figure 14: Jumping rooster.

The octagonal prism in Fig. 14 is actually a picture shown in Fig. 15. This
picture consists of eight plates. The top and bottom plates are filled with a
bright color, while the other six plates are filled with a very pale color, and
all borders are outlined with a heavy black line. The result is that the plates
appear to be made of a translucent material in black iron frames. There are two
small regions where the plates will appear to overlap, and these are painted in a
darker color. This trick makes it impossible to discriminate between the inner
side and the outer side of the prism, and in particular, the visibility condition
in the height reversal theorem is satisfied. Because of this trick, we feel that the
octagonal prism itself is naturally reflected in a mirror in Fig. 14.

Figure 15: Projected picture of the octagonal prism made by translucent plates
bounded by black frames.
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The truth is that, as shown in Fig. 16, the picture is placed on the horizontal plane and the rooster is standing vertically on a plate. As the result,
the octagonal prism is reversed in its height in the mirror. Consequently, the
rooster appears to jump from the bottom plate to the top plate. This kind of
anomalous perception cannot be made by 2D rotation; it becomes possible only
when we employ 3D rotation.

Figure 16: Image rooster standing on the picture of the octagonal prism.
We note that the height-reversal theorem (Proposition 2) is just a mathematical property and does not necessarily correspond to a perceived reversal of
the height. Indeed, from a mathematical point of view, there is no depth information in the picture drawn on cardboard embedded in the xy plane. Hence,
whatever three-dimensional shape is perceived from this picture is a matter of
brain behavior instead of a mathematical property.
We note that the perceived height reversal occurs more easily when we begin
with a highly symmetric three-dimensional shape and/or shape containing many
right angles that is then projected onto a two-dimensional picture.
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Concluding Remarks

In this paper, we presented the height-reversal theorem: if, when viewed from a
fixed point at infinity, a picture drawn on a horizontal plane coincides with the
appearance of a surface in three-dimensional space, the same picture rotated
around a vertical axis by 180 degrees coincides with the appearance of the
height-reversed version of that surface. This is a powerful principle that can be
used to create pictures that generate the perception of height reversal. We also
presented examples of scenes that include such pictures and thus generate the
perception of height reversal.
The height reversal generated by 3D rotation of a scene is the same as the
well known depth reversal generated by 2D rotation of a picture, if the scene
consists of only the picture placed on the horizontal plane. However, there
is great difference in general because the 3D scene can contain extra objects
11

that are not necessarily embedded in the horizontal plane. By the 3D rotation, the horizontal picture generates the height reversal, but other objects are
just rotated normally. Hence the resulting visual effect is quite different, and
sometimes anomalous. However, this paper just characterizes the mathematical
structure behind this visual phenomenon, and we next plan to study the relation
between this mathematical structure and human visual perception.
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